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We proposed to investigate a t h r e e - l a y e r  cyl indrical  shell connected at the ends to two hemispher -  
ical  bodies having masses  m 1 and m 2 and not exceeding the outside dimensions of the shell. The shell is 
re inforced with two rigid r ibs of mass  m 3 and m4, to which is connected via elast ic  elements  a body of 
mass  m executing rec iprocat ing  motion. A plane acoust ic  p ressure  wave, its front perpendicular  to the 
axis of the sys tem so described,  impinges on the s t ructure ,  which is i m m e r s e d  in an ideal compress ib le  
fluid. The f irs t  element encountered by the wave is the hemispher ical  m a s s  m 1, followed by the cyl indr i -  
cal shell with the reinforcing m e m b e r  m 3. The behavior  of the s t ruc ture  is analyzed in t ime intervals such 
that the hydrodynamic influence of the bodies m 1 and m 2 on one another can be neglected. The hydrodynamic 
p re s su re  acting on the s t ruc tu re  is determined approximately without r ega rd  for  diffraction effects from 
the r ibs.  The s t ructure  is investigated in the neutral  buoyancy state.  

The analogous problem for the motion of a body of revolution coupled with a semi-infini te  e last ic  rod 
under the influence of a plane acoustic wave is d iscussed in [11. The authors [2] have analyzed the behavior  
of a homogeneous cyl indr ical  shell end-coupled with rigid bodies of revolution, on which are  spr ing-mounted 
point mas s e s .  Moshenskii [3] d iscusses  the behavior  of a cyl indr ical  shell with r igid diaphragms at the 
ends and with masse s  attached to it at a cer ta in  point via elast ic  e lements ;  a rod model is used to describe 
the motion of the shell, i .e.,  the radial  displacements  are ignored, and it is assumed that the motion of the 
osc i l la tors  does not affect the motion of the shell. 

1. The analysis  of the behavior  of the given shell is based on the nonlinear  equilibrium equations for 
t h r e e - l a y e r  nonsloping shells having an a symmet r i ca l  configuration [4]. The equations of motion are  de- 
rived with regard  for the inert ial  forces  in the radial  and tangential direct ions,  as well as the rotat ional  
inert ia  of the fi l ler.  Let u, w, and �9 be, respect ively,  the axial displacement,  bending deflection, and shear  
angle in the fi l ler;  then the equations of motion of the cyl indrical  shell in t e r m s  of the forces  have the form 
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h ~ ]  h~ is the thickness of the t h r e e - l a y e r  shell, h i denotes the th icknesses  of the l ayers  (i =1 for the outer  

supporting layer,  i=2  for the inner layer ,  and i=3 for the filler),  c is the speed of sound in the medium, t 
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is the t ime, R is the radius of the undisturbed surface of the shell, p is the excess  p ressu re  at the inci- 
dent wave front,  E and v are  the reduced elast ic  modulus and Poisson ratio of the t h r e e - l a y e r  shell (for 
which express ions  are given in [4]), G is the shear  modulus of the f i l ler  mater ia l ,  Pi denotes the densit ies 
of the shell layers ,  5 is the longitudinal coordinate r e fe r red  to the shell radius R, N 1 and N 2 are the dimen- 
sionless specific axial and c i rcumferent ia l  forces ,  Q is the t r ansve r se  force in the filler, and M and tt 
are  the dimensionless specific torques ,  which are  expressed  in t e r m s  of the displacements  as follows: 

2Y1 = e + ~,W + (c12~ + e~u)/2; (1.2) 
N,, : W + ve + ",; (c1~ + claU)/2; 
M ~- 3c~a (e -~- vW) + (r 1 -~ ea3~)]2; 
H : 3ex~ (e + vW) + (c~r -[- r 

ow Q=v+~-~, 

where 
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(1.3) 

All ensuing calculations are  ca r r i ed  out on the bas is  of the sys tem of equations (1.1) With allowance for  the 
displacement express ions  (1.2) and (1.3). Because of its bulkiness we shall not write out the complete s y s -  
tem.  

The equations of motion of the r igid bodies have the form 

$ 
2,  = a~ l  + ~ Q~,: (1.4) 

i= i  

J[~ = - -  a2:u - -  Q23; 

~ ,  = - ~,  ( ~ _  - ~;~+) - ~ ,  ( x . -  x )  - ~.  ( •  - ~); 

The differentiation is with respect  to the dimensionless t ime ~'; Xj and X are the displacements of the 
rigid bodies with masse s  mj and m re fe r r ed  to the thickness of the shell h, j =1, 2, 3, 4; N~ are the dimen- 
sionless total  longitudinal fSrces at the contact sites between the shell and the bodies mj; tJhe minus sign 
indicates that the force is calculated ahead of the rib, and the plus sign that it is calculated af ter  it; 

. Qt~ R . Q2a R 2gR~Eh r 2 
Qti - mlc~k ' Q23 = ~2c2k; aj = c2mj (1 - -  v2) ' gn ~ mnC'---"*; 
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where Qii and Q2s are the components of the hydrodynamic forces  of the f i rs t  and second category [5] for 
the respect ive bodies m 1 and m2, c S and c 4 are  the stiffness coefficients of the springs attaching the body 
m to the respective ribs m 3 and m4, and v 3 and v 4 are the damping factors .  The sys tem of differential equa- 
tions (1.1) writ ten in t e r m s  of the displacements is a system of e lgh th-order  part ia l  differential  equations. 
If  we assume that the shell is r igidly clamped at the contact sites with the bodies mj, we obtain for the 

boundary conditions 

for ~=~3 W = W = O W / O ~ = O ;  U = X i ,  ( 1 . 5 )  

where ~j are the coordinates of the bodies mj. 

The complete sys tem of differential equations of motion (1.4) of the s t ructure ,  also written in t e r m s  
of the displacements (1.1), is solved for the null initial conditions 

~=0, U = W = ~ = X = X i = U = ~ = ~ = f g ~ . X i = O .  (1.6) 

Time is reckoned from the instant of encounter  of the shock wave with the body na t . 

2. In determining the hydrodynamic forces  acting on the s t ructure  we use the approximation methods 
developed in the book [5] and applied in [1-3]. We know that the t ransient  ftmctions F(z) charac ter iz ing  the 
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pres su re  var ia t ion due to diffraction have significantly nonzero values only in the initial t ime period equal 
to the t rans i t  t ime of the p ressure  wave between the two most  distant points of the surface of the body. In 
this interval the cha rac te r  of the variat ion of F(r is a lmost  l inear.  The main idea of the approximative 
approach is that the t ransient  function F(r is approximated by a l inear  function 

F ,  ('~) : (I--'~/T,)[H('~)--H(T--~',)]. (2 .1)  

in which H(...) is the tIeaviside step function and T. is a charac te r i s t i c  t ime determined f rom the equality 
of the integrals  

F. (~) d: = F (:) ~:, 
0 0 

where the last  [ntegral is readi ly computed if the additional mass  of the body is known [51. The problem 
can thus be solved approximately.  

The hydrodynamic loads acting on the body mi when the p ressu re  wave Pl(: ,  v) impinges on it has 
the form 

where s~ is the part  of the surface of the body spanned by the wave and n is the unit outward normal  to the 
surface of the body; 

" ~. r. 

where Q (v)= ,[.ip: cos n ~ :  is the load generated on the surface of the body under the action of the reflected 

p ressu re  wave in accordance with the hypothesis of plane reflection; 

Q~3 = - Qo .[ ,~ (~ - T:) y (~:) 3T~, o r  using (2.1), 
0 

QI~=[--QoX:+QoXJT, v<~:+ 
{--QoX~I-~-Qo[X1--XI(T--v,) ]/:r ~:>~T,, 

where 

s 

Because the analysis  is l imited to t imes  during which the body m 2 is acted upon only by the radiation 
p re s su re  associa ted with its motion, the components Q21 and Q2~ are equal to zero ,  and Q23 is determined 

r 

8,r \ /8 ~o 

Fig. 1 

the same as Qt3- The radiation p res su re  associa ted with the motion 
of the cyl indrical  shell is calculated on the basis of the th in - layer  hy-  
pothesis [6]: 

p = ,~c~-}~ j w (~, : :)  exp [-- 0,5 (: - T:)] cos 0,5 (: -- ::) tiT1. 
0 

If a wave with an exponential p re s su re  var ia t ion behind the front 
impinges on the body ml, i.e., 

P:=Po  exp (~S1)H(v), 

where P0 is the p ressu re  at t he  wave front and 5 is a factor  c h a r a c t e r -  
izing the rate  of change of the p re s su re  behind the front, then the ex-  
press ions  for  the hydrodynamic forces  of the f i rs t  category have the form 

i 2(2--1)/5 r  t/3~-2f83-} - (l --'t) [2--T~- (1--v)~/31 (2 .2)  
-~(2--~)~/5--2(1~-2/8~2/62~i/6 a) exp (--5~), I t  <1- 
2 exp (--8~)[exp (8)(t/8~-2/82q-2/Sa)--i--2/8 

QJI ~-QI2= 2~B~P~ " -2/82-- t/83 ]--2/Ss-(2--'~)s/2-(2-- "~)~/2-2(2--'r)/8 ~, li~<'~<2; 
2 [exp (8) (1/5+2/~-~ 2/53)-exp (28)/83 
--216--2182--t18~--~] exp (--~T), ]~>~2. 
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For  the calculation of the hydrodynamic loads we a s sume  that  the additional m a s s  of the hemisphere  
is equal  to half  the additional m a s s  of the cor responding  sphere .  If we pass  to the l imit  in (2 .2)  as 6 goes 
to zero ,  we obtain expres s ions  for  the hydrodynamic loads acting on the hemisphere  when a plane s tep wave 
is incident upon it [1]. 

3. The s y s t e m s  of di f ferent ia l  equations (1.1) and (1.4) subject  to the boundary conditions (1.5) and 
initial  conditions (1.6) are in tegra ted  numer ica l ly  by the K u t t a - M e r s o n  method a f t e r  p r e l i m i n a r y  appl ica-  
t ion of the method of s t ra ight  l ines to the s y s t em of equations (1.1). The cen t ra l  d i f ferences ,  which have 
s e c o n d - o r d e r  e r r o r ,  a re  used.  At contour and precon tour  points the different ia l  o p e r a t o r s  a re  also ap-  
p rox imated  by difference o p e r a t o r s  with s e c o n d - o r d e r  e r r o r ,  with allowance for  the boundary conditions. 
Here  the functions U, W, ~ ,  aW/0~ are  r ep resen ted  in the vicini ty of the invest igated point by T a y l o r  s e r i e s  
with as many t e r m s  re ta ined as n e c e s s a r y .  The express ions  given below for  the right der iva t ives  at the 
ex t r eme  points a re  used in formulat ing the a lgor i thm.  

At p recon tour  points: 

asU - - 3 U  0 ~ 1 0 U l - t 2 U  2 : - 6 U a - U  4 
0~ - - Y  - -  2N ~ 0 (/-~); 

83~  10T1 - -  i2~F2 ~ 6~F3 - - / F ~  
O~--" ~ = 2/s -:- 0 (/2); 
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SaW --9Wi4-W.3+O(le); 
8~a = 3/a 
c~4W t92Wz -- 108W2 + 32W,~ -- 3W 4 
a~ 4 - -  12t~ § 0 (12), 

at contour  points: 

c?U -- 3Uo + 4Ui -- Uo 
= 2l " " 0 (,/2); 

0~ 4~i -- ~2 82IV 8W1 -- Ws 

where l = (~2-~ i ) /n 'n  and n is the number  of part i t ions of the shell. The subscr ipt  j, j =0, 1, 2, 3, 4, a t -  
tached to the function indicates that it is calculated at the j - th  parti t ion point, j =0 corresponding  to the 
line of contact of the shell with the body. 

The numer ica l  calculat ions are  ca r r i ed  out for a neutra l -buoyancy s t ruc ture  immersed  in water .  The 
investigated t h r e e - l a y e r  shell has steel  supporting layers  (E 1 =E 2 =2.3 �9 10 s kg/cm2; v I = P2 =0.3), a l ight-  
weight f i l ler  t ransmi t t ing  t r ansve r se  shear  (G =2400 kg/cm2; E~=0; v 3 =0.3); s t ruc tura l  symmet ry  (t l =t 2 = 
0.05; t3=0.09);k=0.0464;  ~ t=0;~  2=3;~ 3=1;~ 4=2;; at=a2=0.865; a3=a4=8.65; (o3=r ~ 1 =~2= 
53 = 54 =0; n =62; p~ =P0/E =0.434 �9 10 -4, i.e., it is assumed that the p r e s s u r e  at the front of the incident 
wave is 10 k g / c m  2. 

Figure 1 shows the var ia t ions  with t ime r 0 = r c0/c of the accelera t ions  of the rigid bodies when the 
s t ructure  is acted upon by a step wave (6 =0), where c o is the speed of sound in the mate r ia l  of the shell. 
For  the case in question c0=5400 m / s e c ;  j cor responds  to the acce lera t ion  of the body mj, j =1, 2, 3, 4, 
and the number  5 cor responds  to the acce lera t ion  of the body m. It is evident f rom the figure that at the 
initial instant the maximum accelera t ion  of the body m is less  than the maximum accelera t ion  of m I by 
about 1/1.32. The maximum accelera t ion  of m 2, on the other  hand, is about twice the maximum a c c e l e r a -  
tion of the bodies m I and m, due to reflect ion of the s t r e s s  waves f rom the right end (~ =~2) of the c y l i n - .  
dr ical  shell.  The absolute maximum accelera t ions  are experienced by the r ibs due to the i r  relat ively small  
mass .  Since damping is ignored (r ~0), the p rocesses  have the cha rac t e r  of undamped osci l lat ions.  An 
abrupt change in the behavior  of the X 1 curve takes place at the instant of a r r iva l  of the shock wave at the 
c ross  sect ion ~ =~l. The t ime variat ions of the s t r e s s e s  produced at the contact sites between the shell and 
the rigid m a s s e s  mj for  the case of an exponential incident p ressure  wave (6 =3) are  given in Fig. 2. The 
plus sign af ter  j signifies that the s t r e s se s  are  calculated to the right of the body mj, and the minus sign 
that they are  calculated to the left of it. The s t r e s s e s  are  given in dimensionless  form ~* =ffi(1-v2)/Eik , 
where i =1 cor responds  to the outer supporting layer  (heavy curve) and i =2 to the inner layer  (thin curve).  
Where only one curve is shown it is implied that the s t r e s se s  in the l ayers  coincide. Figure 2a gives the 
var ia t ion with t ime ~0 of the axial (solid curves)  and c i rcumferent ia l  (dashed curves) membrane  s t r e s ses ,  
the la t ter  being calculated in the c r o s s  sect ion ~ =~1. As the figure indicates,  the s t r e s se s  in the layers  
begin to differ significantly f rom one another af ter  a r r iva l  of the shock wave in the investigated c ross  s e c -  
tion. The c i rcumferent ia l  s t r e s s e s  in the layers  are  pract ica l ly  identical and severa l  t imes  smal le r  than 
the axial s t r e s se s .  The flexural  s t r e s s e s  calculated in the outermost  f ibers ,  i.e., those furthest  f rom the 
neutral  line of the layers ,  are given in Fig. 2b. We see that the f lexural  s t r e s s e s  in the supporting layers  
prac t ica l ly  coincide. The curves  experience an abrupt change at the instant of a r r iva l  of the shock wave 
in the investigated c ross  section. A compar ison  of Figs. 2a and 2b shows that the membrane  s t r e s s e s  in 
the supporting layers  are  an o rde r  of magnitude g rea te r  than the flexural s t r e s ses .  Plots of the velocit ies 
and s t r e s s e s  ar is ing in the shell when the s t ruc ture  is acted upon by a wave with an exponential p re s su re  
var ia t ion behind the front (6 =3) are  given in Fig. 3 for  two t imes:  ~-0=1 (a, c) and ~0=8.5 (b, d). The dot- 
dashed curve cor responds  to the flexural  s t r e s ses ,  and the res t  of the nomenclature is the same as before.  
It is evident f rom Figs.  3a and 3b that the veloci t ies  ~V of the shell attain the i r  maximum value in the vicin-  
ity of  the p r e s s u r e  wave front .  Figure 3d indicates that at the t ime ~- 0 = 8.5 the axial membrane  s t r e s s e s  
are tensile in any c ros s  section of the shell, while the c r icumferent ia l  s t r e s s e s  are compress ive  in the 
shell c ross  sections acted upon by the p res su re  in the shock wave, and are  tensile in the c ros s  sections 
unperturbed by the p res su re  wave. The flexural  s t r e s s e s  are  a maximum in the vicinity of the rib m 3 and 
the shock-wave front.  

It was assumed in the solution presented above that the s t ructure  is subjected to equal external  and 
internal p r e s su re  and that a shock wave impinges on it. We now consider  the case in which the s t ructure  
has an internal p re s su re  of 1 k g / c m  2 and is submerged in water  to a depth of, say, 50 m, i.e., we take into 
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account the ex te rna l  wa te r  p r e s s u r e ,  which in this  case  is approx imate ly  5 k g / c m  2. To avoid any a p p r e c i -  
able modif icat ion of the a lgor i thm we solve the following p rob lem by the re laxat ion  method: A uni form ex -  
t e rna l  p r e s s u r e  with an ampli tude of 5 k g / c m  2 is applied instantaneously to the s t ruc tu re .  As before ,  the 
behav io r  of the sy s t em  is desc r ibed  by Eqs.  (1.1) and (1.4), but now each  equation includes a damping t e r m  
propor t iona l  to the veloci ty.  The calcula t ions  a re  c a r r i e d  out in p rac t i ce  until  the values  of the ve loc i t ies  
and acce le ra t ions  d i f fer  f rom ze ro  in the eighth significant f igure.  By the  s y m m e t r y  of the p rob lem it is 
sufficient to cons ider  the half  of  the shell  between the r igid m a s s e s ,  for  example  the par t  of the shel l  b e -  
tween the c r o s s  sect ions ~ =0 and ~ =0.5. Plots of the s t r e s s e s  for  the s t ruc tu re  subjected to an ex te rna l  
wa te r  p r e s s u r e  of  5 kg/cm 2 a re  given in Fig. 4, which uses  the same nomencla ture  as before .  It is evident 
f rom the cu rves  for  the axial  m e m b r a n e  s t r e s s e s  that  the s t r e s s e s  in the support ing l aye r s  di f fer  consid-  
e rab ly  f rom one another .  Now to find the s t r e s s e s  in the s t ruc tu re  i m m e r s e d  in wa te r  when a shock wave 
impinges on it we mus t  add the resul t  obtained e a r l i e r  and p resen ted  in F i g s . 2  and 3 to the resu l t s  given 
in Fig. 4. 

Finally,  we invest igate  the influence of the s t i f fness  of the coupling of the load m on the behav io r  of 
the s t r u c t u r e .  The t ime  va r i a t ion  of the acce le ra t ion  of the load when an exponential ly decaying p r e s s u r e  
wave impinges  on the s t ruc tu re  is given in Fig. 5 for  var ious  values  of cos =w4 =~. 1) co=0.01; 2) w=0.1;  3) 
co = 0.25; 4) co = 0.5; 5) co = 5; 6) co3 = % co4 = 0 (mass  m rigidly at tached t o  the r ib ms). The dependence of the 
m a x i m u m  acce le ra t ion  on the coupling s t i f fness  has two m a x i m a  for  c0s=~o and :o=0.5. The f i r s t  m a x i m u m  
is caused by the e las t ic  p r o p e r t i e s  of the shell ,  and the second by the p resence  of the e las t ic  coupling be-  
tween the m a s s  m and r ibs  ms, m s. Fo r  the a s sumed  p a r a m e t e r s  of  the s t ruc tu re  the influence of the coup :  
ling s t i f fness  of the load m on the reac t ion  of the m a s s e s  m i and m s and on the fo rces  and s t r e s s e s  in the 
shell  is insignificant .  

L I T E R A T U R E  C I T E D  

1. O . A .  Frolov,  "Longitudinal  action of an acoust ic  p r e s s u r e  wave on a cy l indr ica l  rod with a m a s s  of 
a r b i t r a r y  configuration at the end," Transac t ions  of  the Scient i f ic -Technologica l  Society of the Ship- 
building Industry  [in Russian],  No. 110, Sudostroenie,  Leningrad  (1968), p. 31. 

2. A . G .  Gorshkov and ~.. I. Grigolyuk,  "Action of a plane p r e s s u r e  wave on e las t ic  s t r u c t u r e s  with r igid 
e l emen t s i "  in: Dynamics  of  E las t ic  and Rigid Bodies In te rac t ing  with a Fluid [in Russian],  T o m s k  
(1972), pp. 62-72.  

3. N . A .  Moshenskii ,  "Longitudinal action of an acoust ic  p r e s s u r e  wave on a cyl indr ica l  shell  suppor t -  
ing two e las t i ca l ly  coupled m a s s e s , "  in: P rob l ems  in the St ruc tura l  Mechanics  of Ships [in Russian],  
Sudostroenie,  Leningrad (1973), pp. 134-142. 

4. l~. I. Grigolyuk and P. P. Chulkov, Stability and Vibrat ions  of T h r e e - L a y e r  Shells [in Russian],  Mash-  
inost roenie ,  Moscow (1973). 

5. B . V .  Zamysh lyaev  and Yu. S. Yakovlev, Dynamic Loading in Underwater  Explosions [in Russian],  
Sudostroenie,  Leningrad (1967). 

6. ]~. I .  Grigolyuk and A. G. Gorshkov,  " Interact ion of weak shock waves  with e las t ic  s t r u c t u r e s , "  
Scientific Transac t ions  of the Insti tute of Mechanics,  Moscow State Univers i ty  [in Russian],  No. 13, 
Moscow (1971). 

308 


